By Cotlar and Sadosky, a powerful lifting theorem was proved at 1978. That generalizes a theorem of Helson-Szegö and a theorem of Nehari. In this paper, we give a new lifting theorem generalizing one of Cotlar and Sadosky.
Then we say that A(u, v) is a sesquilinear form on P × P. Let P + = {f ∈ P : f (j) = 0 if j < 0} and P − = {f ∈ P :f (j) = 0 if j ≥ 0}. If A is restricted to P + × P − then the restriction of A is called a sesquilinear form on P + × P − . If A is a sesquilinear form on P × P then we will write H A = the restriction of A to P + × P − and A is called a symbol of H A .
Let µ and ν be finite positive Borel measures on T . A sesquilinear form A on P × P is said to be bounded w.r.t. (µ, ν) if there exists a positive constant γ such that
The smallest number γ for the inequality above is refered to as the norm of the form A and we will write γ = |||A|||, where the pair of measures is fixed.
Similarly for the norm γ of the form H A on P + × P − we will write γ = |||H A |||. Let L 2 (µ) be a Lebesgue space and H 2 (µ) a weighted Hardy space, that is, the closure of P + in L 2 (µ). If a sesquilinear form A on P × P is bounded w.r.t. (µ, ν) then there exists a bounded linear operator A from L 2 (µ) to L 2 (ν) such that Au, v L 2 (ν) = A(u, v) (u, v ∈ P). If a sesquilinear form H A on P + × P − is bounded w.r.t. (µ, ν) then there exists a bounded linear operator H A from H 2 (µ) tozH 2 (ν) such that H A f, g zH 2 (ν) = H A (f, g) (f ∈ P + , g ∈ P − ). Then A = |||A||| and H A = |||H A |||. We say A is of finite rank n or compact when A is of finite rank n or compact, respectively. Similarly we can define a compact (or finite rank) sesquilinear form
ThenĜ is a bounded sesquilinear form on P × P or
is called a Hankel form on P × P and we will write those forms φ(u, v), ψ(u, v) or etc. If φ is a Hankel form on P × P then H φ will denote the restriction to P + × P − and φ is called a symbol of H φ .
In [3] , we showed a new lifting theorem which contains one due to Cotlar and Sadosky [2] . In this paper, we give the strongly improved version.
Let A ij (i, j = 1, 2) be sesquilinear forms on P × P and A 11 (u, u) ≥ 0,
where u = (u 1 , u 2 ) and u i ∈ P for i = 1, 2. We write A = [A ij ]. If ρ ij (i, j = 1, 2) are finite Borel measures and 
where Γ denotes P × P or P + × P − . We say that A is compact (finite rank n, resp.) on Γ w.r.t. ρ if A 11 = A 22 = 0 and A 12 is compact (finite rank n, resp.) w.r.t. (ρ 11 , ρ 22 ). We study the following problem. When A = 0, the following problem was solved by Cotlar and Sadosky [2] . Then it is called a theorem of Cotlar-Sadosky and it contains several well known theorems. For example, a theorem of Nehari, a theorem of Helson and Szegö and a theorem of Koosis.
Problem. Let ρ be a matrix of measures. If ρ+A 0 on P + × P − where A is compact (finite rank n, resp.) on P + × P − w.r.t. ρ then does there exist a compact (finite rank n, resp.) matrix τ of measures w.r.t. ρ such that ρ+τ 0 on P × P ?
If A 0 on P + × P − then A is called "weakly positive" and if A 0 on P × P then A is called "strongly positive". Hence a theorem of Cotlar and Sadosky [2] shows that if ρ is "weakly positive" then ρ is lifted to "strongly positive". We would like to study when ρ is not necessarily "weakly positive".
Unfortunately Theorem 6 in [3] does not solve the above problem. For the definition of compact (finite rank n, resp.) is different from the present one.
In Problem, ρ+A 0 on P + × P − if and only if for f in P + and g in P − | (ρ 12 + A 12 )f, g | ≤ | ρ 11 f, f || ρ 22 g, g |. ρ+τ 0 on P × P if and only if for u and v in P | (ρ 12 + τ 12 )u, v | ≤ | ρ 11 u, u || ρ 22 v, v |. Hence Problem is related strongly to a weighted Hankel operator.
Let λ = ρ 11 and ν = ρ 22 . If A(u, v) = φ(u, v) is a bounded Hankel form on P × P thenÃ is a bounded operator from
Let λ = λ a + λ s be the Lebesgue decomposition with respect to m of a finite Borel measure λ on T . When λ is positive,
Our program is as the following. In Section 2 we will calculate the norms of bounded Hankel forms on P + ×P − . This has been proved in [3] . Unfortunately there was been a gap in the proof. We will modify it. In Section 3 we will describe compact Hankel forms. The definition of a compact Hankel form is different from one in [3] . In Section 4 we study the quotient norms of bounded Hankel forms by compact Hankel forms. In Section 5 we study a lifting theorem generalizing one due to Cotlar and Sadosky [2] (see [1] ). This new lifting theorem is different from one which has been showed in the previous paper and it is much better.
In this paper we will write µ ≺ ν when there exist positive constant δ such that δµ ≤ ν. §2. Bounded Hankel forms on P + × P − In this section we prove a generalized Nehari's theorem which was proved in [3] . The proof in [3] had a gap and so we give the revised one.
The following lemma is known in [3, Proposition 1]. Lemma 1. If φ is a bounded Hankel form on P × P w.r.t. (µ, ν) and |||φ||| = γ then the following (1), (2) and (3) are valid.
(1) There exists a finite Borel measure λ on T such that
for any Borel set E in T .
(2) If µ = µ a + µ s and ν = ν a + ν s are Lebesgue decompositions w.r.t. λ then φ can be assumed to be a bounded Hankel form on P × P w.r.t. (µ a , ν a ) and (µ s , ν s ).
(3) If φ is a bounded Hankel form on P × P w.r.t.
Conversely such a φ is bounded w.r.t. (w 1 dm, w 2 dm).
Proposition 1.
If φ is a bounded Hankel form on P × P w.r.t. (µ, ν) then there exists a λ such that dλ = kdµ = hdν and
Hence we may assume µ and ν are absolutely continuous each other.
Proof. It is clear by Lemma 1.
Corollary 1. Let φ be a bounded Hankel form on P × P w.r.t. (µ, ν). Let λ = λ a + λ s , µ = µ a + µ s and ν = ν a + ν s be Lebesgue decompositions with respect to m. Put φ a (u, v) = uvdλ a and φ s (u, v) = uvdλ s for any u, v in P. Then H φ , H φa and H φs are bounded Hankel forms on P + ×P − w.r.t. (µ, ν), (µ a , ν a ) and (µ s , ν s ), respectively. Moreover max(|||H φa |||, |||H φs |||) = |||H φ |||.
Proof. It is clear by (1) and (2) 
Proof. Theorem 2 in [3] shows the theorem. Unfortunately there is a gap in Case II of that. Therefore we will prove the present theorem when µ = w 1 dm, ν = w 2 dm, and log w j ∈ L 1 for j = 1, 2. Hence w j = |h j | 2 for j = 1, 2 where both h 1 and h 2 are outer functions in H 2 . Put Φ = h 
. By Nehari's theorem, |||H Φ ||| = X + H ∞ and so there exists Y ∈ X + H ∞ such that
is a bounded Hankel form with respect to (m, m). Put φ 0 =h 2 Φ 0 h 1 then φ 0 is a Hankel form on P × P, H φ 0 = H φ and |||H φ 0 ||| = |||H φ ||| = |||φ 0 |||. Put ψ = φ 0 then the theorem is proved. §3. Compact Hankel forms on P + × P − A bounded sesquilinear form H A on P + × P − is called of finite rank and compact if H A is of finite rank and compact, respectively. The compact (or finite rank) sesquilinear form on P × P can be defined similarly. These definitions are different from those in [3] and our new definitions are more natural and weaker than the previous one. Proposition 2. Suppose µ ≺ ν. If φ is a compact Hankel form on P × P w.r.t. (µ, ν) then φ(u, v) = 0 (u, v ∈ P).
Proof. Since φ is bounded, by Lemma 1 or by Proposition 1 we may assume µ and ν are absolutely continuous each other. Hence we assume dµ = h 1 dν, h 1 > 0 a.e. and dν = k 1 dµ k 1 > 0 a.e.. Letφ be a bounded linear operator from
Suppose M h u = hu (u ∈ P). Then we may assume M h is a bounded operator from
On the other hand, for some positive constant δ
This contradicts that M h is compact. 
Lemma 4.
If H φ is compact on P + × P − w.r.t. (w 1 dm, w 2 dm) with log w 1 ∈ L 1 (m) then φ is zero on P × P in the case of the following (1) or (2).
and so by (3) of Lemma 1 H φ (u, v) = φ(u, v) (u ∈ P, v ∈ P). Hence Proposition 2 shows φ is zero on P × P because w 1 dm ≺ w 2 dm.
(2) Now we assume log w 2 ∈ L 1 (m). Put w 2 = |h 2 | 2 for some outer function
Then we can show that
H φ is compact from L 2 (w 1 ) tozH 2 (w 2 ) and soH sk is compact from L 2 tozH 2 . Hence the Toeplitz type operatorH sk |zH 2 is compact. Therefore sk = 0 a.e. and so φ is zero on P × P.
Theorem 2. Suppose µ = µ s + w 1 dm and ν = ν s + w 2 dm satisfy one of the following (1) and (2) : (1) µ ≺ ν, (2) µ s = ν s = 0 and log w j ∈ L 1 (m) for j = 1, 2. Let n be a nonnegative integer. H φ is of finite rank n w.r.t. (µ, ν) if and only if there exists a function h in L 1 and a finite Blaschke product q with degree n such that qh belongs to H 1 and φ(f, g) = fḡhdm (f ∈ P + , g ∈ P − ).
Proof. By the remark of introduction,
Hence by Proposition 2, Lemmas 3 and 4, we may assume dµ = w 1 dm, dν = w 2 dm and log w j ∈ L 1 for j = 1, 2. Hence w j = |h j | 2 for j = 1, 2 where both h 1 and h 2 are outer functions in H 2 . As in the proof of Theorem 1, put Φ = h . By Kronecker's theorem, there exists a finite Blaschke product q of degree n such that qΦ 0 ∈ H ∞ . For f ∈ P + and g ∈ P − , put F = h 1 f and G =h 2 g then
Suppose h = h 1 h 2 Φ 0 then qh ∈ H 1 and φ(f, g) = fḡhdm (f ∈ P + , g ∈ P − ). The converse is reversible and it is a result of Kronecker's theorem. Theorem 3. Suppose µ = µ s + w 1 dm and ν = ν s + w 2 dm satisfy one of the following (1) and (2) : (1) µ ≺ ν, (2) µ s = ν s = 0 and log w j ∈ L 1 (m) for j = 1, 2. Then, H φ is nonzero and compact w.r.t. (µ, ν) if and only if there exists a function h = h 0 × u in H 1 × (H ∞ + C) and out of H 1 such that φ(f, g) = fḡhdm (f ∈ P + , g ∈ P − ) and h 0 = h 1 h 2 where h j is an outer function in H 2 , w j = |h j | 2 , dµ/dm = w 1 and dν/dm = w 2 . Proof. Let A = H φ be nonzero and compact. As in Theorem 2, by Proposition 2, Lemmas 3 and 4, we may assume dµ = w 1 dm, dν = w 2 dm and log w j ∈ L 1 for j = 1, 2. By the proof of Theorem 2, Theorem 3 is a direct result of Hartman-Wintner's theorem. §4. A quotient norm of a bounded Hankel form Let H φ be a bounded Hankel form on P + × P − . We are interested in the following : Does there exist a compact (or finite rank n) Hankel form H ψ on P + × P − w.r.t.(µ, ν) such that |||H φ + H ψ ||| = inf{|||H φ + H A ||| : H A is a compact (or finite rank n) sesquilinear form on P + × P − w.r.t.(µ, ν)} ?
We have two type solutions, that is, a negative one or a positive one. If µ = µ s ≺ ν = ν s and a compact Hankel form H ψ on P + × P − w.r.t.(µ, ν) then H ψ is zero. Hence we have a negative solution for the above problem. The following theorem gives a positive solution.
Theorem 4. Let µ = w 1 dm and ν = w 2 dm where log w j is in L 1 for j = 1, 2. Let H φ be a bounded Hankel form on P + × P − w.r.t.(µ, ν). Then there exists a compact (or finite rank n) Hankel form H ψ on P + ×P − w.r.t.(µ, ν) such that |||H φ + H ψ ||| = inf{|||H φ + H A ||| : H A is a compact (or finite rank n) sesquilinear form on P + × P − w.r.t.(µ, ν)}.
Proof. Let H A be a compact sesquilinear form. Let w j = |h j | 2 for some outer function h j in H 2 , then if we put where D is a usual compact (or finite rank n) Hankel operator. ThenD is a compact (or finite rank n) Hankel form H ψ on P + × P − w.r.t.(µ, ν). §5. A new lifting theorem
In this section, we give the main theorem in this paper, that is, a new lifting theorem which contains one due to Cotlar and Sadosky [2] . A lifting theorem is equal to a theorem of a weighted Hankel form by the remark in Introduction. Hence a problem in Section 4 is equivalent to 'Problem' in Introduction. Therefore 'Problem' can not be solved in general. However Theorem 4 shows Theorem 5.
Theorem 5. Let ρ be a matrix of measures such that ρ ij = w j dm and log w j is in L 1 for j = 1, 2. If ρ+A 0 on P + × P − where A is compact (finite rank n, resp.) w.r.t. ρ, then there exists a compact (finite rank n, resp.) matrix τ of measures w.r.t. ρ such that ρ+τ 0 on P × P.
Proof. Let
φ 12 (f, g) = fḡdρ 12 (f ∈ P + , g ∈ P − ).
Then φ 12 + A 12 is a bounded bilinear form on P + × P − w.r.t. (ρ 11 , ρ 22 ) because ρ+A 0. Let |||φ 12 + A 12 ||| ≤ γ. Then by Theorem 4, there exists a symbol ψ such that H ψ a compact (finite rank n, resp.) Hankel form w.r.t. (ρ 11 , ρ 22 ) and |||φ 12 + ψ||| ≤ γ. By Theorems 2 and 3, there exists a function h in L 1 such that ψ(f, g) = fḡhdm (f ∈ P + , g ∈ P − ).
Then dτ 12 = hdm is the desired measure.
Here we give an application of Theorem 5 for some singular integral operator.
Let P + = P is nonnegative where A is compact (or of finite rank n) and A = P + AP − if and only if there exists k in H ∞ + C (orqH ∞ and q is a finite Blaschke product of degree n) such that |(ab − cd) + k| 2 ≤ (|a| 2 − |c| 2 )(|b| 2 − |d| 2 ).
